
VR-MDS: Multidimensional scaling for classification tasks
of virtual and real stimuli

S. Okamoto

# Psychonomic Society, Inc. 2014

Abstract Evaluating the perceptual similarity between virtual
and real sensory stimuli has been a serious problem for virtual
reality interface researchers for a long time. One of the most
commonly used evaluation methods is a classification task
where assessors classify randomly presented stimuli into mul-
tiple candidate types. The results of this method are summa-
rized using two types of confusion matrices, which have
different stimulus sets. The present study developed a method
that computes the locations of simulated and real stimuli in a
perceptual space on the basis of the two confusion matrices.
The spatial distribution of the stimuli allows us to visually
interpret the perceptual relationships between stimuli and their
perceptual dimensionality. This method is recommended
when the guidance index based on the answer ratios of the
confusion matrices is fairly high.
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The universal aim of virtual reality technology is to design
simulated stimuli that resemble real stimuli. The perceptual
quality of the stimuli is a primary concern for researchers and
users of simulators. For example, considerable effort has been
devoted to representing the qualities of real tumors in medical
simulators used to train physicians during palpations (Jeon,
Choi, & Harders, 2012; Karadogan & Williams, 2013;
Ottermo, 2006). Neuroscientists and psychologists have used
graphic simulators to obtain pictures of objects under various
lighting and material conditions (Motoyoshi & Matoba, 2012;
Nishio, Goda, & Komatsu, 2012). Several studies have inves-
tigated the perceptual qualities of stimuli in other types

of simulators—for example, sounds (Giordano et al., 2012),
3-D pictures (Mai, Doutre, Nasiopoulos, & Ward, 2012), and
haptic stimuli (Okamura, Cutkosky, & Dennerlein, 2001).

The methodologies used to assess the perceptual properties
of these stimuli are of crucial importance. Various methods
have been used for this purpose, such as comparing the
similarities of physical quantities in virtual and real
stimuli—for example, force or acceleration (Kuchenbecker
& Niemeyer, 2006; Okamura, Webster, Nolin, Johnson, &
Jafry, 2003). However, physical similarities are not sufficient,
and researchers often make use of evaluations based on
perceptual similarity.

In some cases, assessors have evaluated the degree of the
subjective quality of sensory feedback using numerical or
graded scales (Dev, Harris, Gutierrez, Shah, & Senger, 2002;
Hikichi, Yasuda, Fukuda, & Sezaki, 2006). Trained assessors
rate the integrated similarity between the percepts of real and
virtual stimuli. Alternatively, they may experience only the
virtual stimuli and rate them. The latter approach is used widely
for audiovisual content (International Telecommunication
Union, 2009).

In other cases, the similarities between virtual and real
stimuli are evaluated using specific perceptual criteria (Fujita
& Ohmori, 2001; Konyo, Tadokoro, & Takamori, 2000;
Watanabe & Fukui, 1995). For example, the assessors may
compare real and virtual tumors only in terms of their com-
pliances or locations beneath tissues.

For virtual reality simulators used for manufacturing or
medical tasks, as well as discussions of the quality of specific
stimuli such as tumors or reaction forces delivered via a tool
grip, we need to consider the comprehensive qualities of the
tasks experienced by trainees during trials. Questionnaires or
behavioral indices are preferred in these cases. Questionnaire-
based reality evaluations (e.g., Hendrix & Barfield, 1996; van
Baren & IJsselstejin, 2004; Witmer & Singer, 1998) typically
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involve questions related to the naturalness of the environ-
ment, the difficulties of tasks, and so forth.

Behavioral approaches use task performance indices such
as the time required to finish a given task or the accuracy of
task performance (Fukumoto & Sugimura, 2001; Gomoll,
Pappas, Forsythe, & Warner, 2008; Howe, Peine, Kontarinis,
& Son, 1995; Kontarinis & Howe, 1995; Pedowitz, Esch, &
Snyder, 2002). These indices can be compared during real and
interface-mediated conditions. In general, the values of these
behavioral indices should be similar in the real and simulated
environments.

All of these methods, including the classification tasks ad-
dressed in the present article, are used to assess different aspects
of virtual reality systems. The roles of these assessment tech-
niques for virtual stimuli and simulators are expected to grow in
both academic and industrial settings. This is because percep-
tual psychologists have been adopting simulators through
which highly controlled stimuli are easily produced for their
studies. In addition, medical virtual reality simulators, such as
surgical and dental simulators, have been emerging, and de-
tailed assessment of their perceptual quality is required.

Classification tasks

When virtual reality simulator researchers want to assess how
well each virtual stimulus is designed and how effectively it
perceptually resembles the corresponding real stimulus, they
often select classification tasks because of their simplicity and
objectivity. During these tasks, an assessor selects a real
stimulus that is perceptually most similar to a randomly pre-
sented virtual or real stimulus from n candidates (n -alternative
forced choice). The quality of the virtual stimulus is then
evaluated by the correct response ratio in a test where the
corresponding virtual and real stimuli are coupled as answers.
Such classification tasks have been used for artificial or sim-
ulated stimuli, including sounds caused by physical impacts
(Giordano et al., 2012), diagnostic images (Yasnoff, Mui, &
Bacus, 1977), speeches (Holyoak & Glass, 1978), and tactile
textures (Yamamoto, Nagasawa, Yamamoto, & Higuchi,
2006).

Two types of experiments are used widely to evaluate
stimuli simulators during classification tasks (e.g., Germani,
Mengoni, & Peruzzini, 2013; Okamoto, Ishikawa, Nagano, &
Yamada, 2013; Wiertlewski, Lozada, & Hayward, 2011). The
first type comprises virtual-to-real classification tasks where
assessors select the real stimulus that feels most similar to the
virtual stimulus presented. The second type is a real-to-real
classification task, where assessors select a real stimulus that
feels most similar to a given real stimulus.

Greater similarity in the results of the two tasks indicates
that the simulators are better at representing real stimuli. For
example, Wiertlewski et al. (2011) designed virtual surfaced

materials using a tactile display. They also prepared real ones
and performed a comparison of the two types of classification
tasks to evaluate how well the virtual materials replicated the
real ones. In this comparison, the correct answer ratios or
information criteria were calculated from the results of two
tasks and compared (Chen, Park, Dai, & Tan, 2011).

Confusion matrices and multidimensional scaling
methods (MDS)

Confusion matrices are used to display the results of classifi-
cation tasks. Each cell in the matrix indicates a ratio or
frequency, which shows how often a specific stimulus is
selected when another stimulus is presented to participants.
The interpretation of confusion matrices is not always simple,
which means that only the correct answer ratios might be
discussed. However, the incorrect answer ratios also include
important information. Thus, the correct and incorrect answer
ratios need to be considered collectively. To address this issue,
many studies have used a multidimensional scaling (MDS)
approach to visually interpret matrices (e.g., Giordano et al.,
2012; Luk et al., 2006; Pols, 1983). This approach is a pow-
erful tool for analyzing the capacities of human perception or
sensory displays by representing the perceptual dissimilarities
between stimuli based on the geometric distances in a multi-
dimensional perceptual space. MDS can be applied to a vari-
ety of tasks, although it is computed on the basis of the results
of classification tasks in the present study. For example,
perceptual closeness between two stimuli is specified using
numbers or analog scales in similarity rating tasks (Cooke,
Jäkel, Wallraven, & Bülthoff, 2007). In clustering or sorting
tasks, assessors classify a multitude of stimuli into several
groups on the basis of their perceptual similarity (Bergmann
Tiest & Kappers, 2006; Hollins, Faldowski, Rao, & Young,
1993). Dissimilarity indices are computed from these tasks,
before MDS is applied to them.

Unfortunately, existing MDS methods cannot be applied
directly to virtual reality stimuli. As was described above, two
types of classification tasks are conducted during assessments
of virtual reality systems, which yield two types of confusion
matrices. The stimulus sets of both matrices are not the same.
The matrix obtained from a virtual-to-real classification task
comprises both real and virtual stimuli, whereas the matrix
from a real-to-real classification task comprises real stimuli
only. Existing MDS methods cannot cope with this problem.
MDS methods have been developed continually so they can
deal with a wider class of problems, although, the uniqueness
of the problem of virtual reality interfaces has yet to be
considered. Some MDS algorithms combine multiple confu-
sion matrices (e.g., Carroll & Chang, 1970; Takane, Young, &
De Leeuw, 1977; Tucker & Messick, 1963; Young & Null,
1978); however, these algorithms are not considered to be
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capable of dealing with two confusion matrices that contain
different stimulus sets. For example, these methods are used to
conduct MDS of multiple matrices obtained from different
assessors using the same stimulus sets. However, our problem
belongs to a different class, as compared with these algorithms.

Objective

The objective of this study is to integrate the two types of
confusion matrices that are often used to evaluate virtual
reality simulators and to compute the locations of real and
virtual stimuli in a multidimensional space. This method could
become a general evaluation method for virtual reality inter-
faces, which may facilitate a visual interpretation of the per-
ceptual dissimilarities between simulated and real stimuli, and
the specification of the problems involved with such stimuli.

Technical issues

The classical MDS method requires the distances between all
stimulus pairs. Some later methods are applicable to matrices
with missing values (e.g., Kruskal, 1964a, 1964b), but in the
present problem where the two matrices comprise different
stimulus sets, the computational accuracy is reduced by a large
number of missing data. Thus, it is desirable that all of the
distances are available, as shown in Fig. 1. Let Dsisj be the
perceptual distance between the stimuli s i and s j. The s is r or
v, which represents real and virtual stimuli, respectively. The
v i corresponds to the virtual stimulus that mimics the real
stimulus r i. The computation methods that have been men-
tioned thus far are applicable only to Drirj, which is the
perceptual distance between real stimuli.Drirj can be acquired
using a similarity choice model (Luce, 1963, 2005), an over-
lap model (Townsend, 1971; Townsend & Landon, 1982), or
the constant ratio rule (Clarke, 1957; Clarke & Anderson,
1957), which is used in the present study. These methods
successfully compute the interstimulus distances using com-
plete matrices. However, they do not consider the computation

ofDrivj and Dvivj. Thus, two technical issues are related to the
computation of the matrix shown in Fig. 1.

The first issue is the computation of Dvivj, which is the
perceptual distance between two virtual stimuli. Assessors do
not compare pairs of virtual stimuli directly, whereas they
compare pairs of real stimuli and pairs of virtual and real
stimuli during real-to-real and virtual-to-real classification
tasks, respectively. The two confusion matrices obtained from
these two comparisons do not provide information that is
related directly to the distances between virtual stimuli. This
study shows that Dvivj can be computed by letting the real
stimuli serve as intermediates for the virtual stimuli.

The second issue is how to retain the consistency between
two classification tasks that are performed independently. In
order to achieve this consistency, this study computes Drivj,
which is the perceptual distance between the real and virtual
stimuli, by combining the results of the two tasks.

This article presents solutions for the two issues above, for
which the basic computational methods were presented in
(Okamoto & Yamada, 2012), some examples of the method,
and the effectiveness of the computational methods based on
validations.

Multidimensional scaling of real and virtual stimuli

To construct the multidimensional space, we compute the
perceptual distances between all stimuli. The computation
methods vary depending on the pairs of stimuli. A metric
MDS method is then applied to the computed distances. The
stimuli are located in a multidimensional space, where the
number of dimensions is determined using fit measures so
their distances are maintained well. However, the higher di-
mensional spaces tend to lose visual clarity.

Model of internal responses toward multiple stimuli based
on signal detection theory

According to multidimensional detection theory (e.g.,
Ashby & Townsend, 1986; Nakatani, 1972), the classifica-
tion of a stimulus among n candidates is modeled as the
classification of stimuli that are probabilistically distributed
in multiple perceptual dimensions. The human internal
response to a physical stimulus is expressed as a normal
distribution, as shown in Fig. 2. The internal response to a
physical stimulus s i follows a joint probability density
function that contains multiple variables (two variables in
the figure), where the center of the distribution S i is a
coordinate in perceptual space. These variables are mutu-
ally independent, and they construct the perceptual space of
stimuli. We assume an equal variance of distributions,
which is commonly accepted. The unit of each dimensional
variable is set as equal to this variance.

Fig. 1 Distance matrix of real and virtual stimuli (three virtual and real
stimuli)
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In this model, the stimulus is classified or recognized as s i
when the response toward s i appears closer to S i than to S j. If
the response is somewhat closer to S j, the stimulus is recog-
nized as s j. The border of this judgment is referred to as
criterion λ ij.

To simplify the handling of stimuli in multidimensions, we
use the constant ratio rule (Clarke, 1957; Clarke & Anderson,
1957), which is a strict form of similarity choice model
(Townsend & Landon, 1982). When we apply this rule to
two arbitrary stimuli, s i and s j, their probabilistic and percep-
tual relationships are found on the line S i-S j as shown in

Fig. 2 (upper left). Si and S j are the projections of S i and S j

on the line, respectively. λij is the intersection of the line
S i-S j with λ ij. We estimate the perceptual distance between

two stimuli on this line as Dsisj ¼ S j−Si .

Distance between real stimuli

The perceptual distances between real stimuli can be comput-
ed simply using the constant ratio rule. Figure 3 shows the
internal responses to a real stimulus r i on the line R i-R j. On
this line,

λij − Ri ¼ Z
Priri

Priri þ Prirj

� �
ð1Þ

holds, where Z (p ) is the z -score of probability p. Z (p ) is
described by

p ¼ g zð Þ ¼
Z z

−∞

1ffiffiffiffiffiffi
2π

p exp
−x2

2

� �
dx ð2Þ

Z pð Þ ¼ g−1 pð Þ: ð3Þ
Similarly, R

�
j−λ

�
ij is given by

Rj−λij ¼ Z
Prjrj

Prjrj þ Prjri

� �
ð4Þ

On the basis of these equations, the perceptual distance
between two real stimuli is determined by

Drirj¼ R
�
j − R

�
i

��� ���
¼ Z

Priri

Priri þ Prirj

� �
þ Z

Prjrj

Prjrj þ Prjri

� �����
����: ð5Þ

Fig. 2 Internal responses to multiple stimuli in multiple perceptual dimensions and the application of the constant ratio rule

Fig. 3 Internal response to ri on the line R i−R j
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Distance between real and virtual stimuli

In a virtual-to-real classification task where the assessors
classify virtual stimuli as real stimuli, the internal responses
to stimuli are expressed as shown in Fig. 4. When virtual
stimulus v i is presented and its internal response is closer to
R i, the stimulus is classified as r i. However, it is classified as
r j if the response is closer to R j. The border of this judgment
is described as λ ij. The internal response to v i on the line that
passesVi and the center ofR i andR j is expressed as shown in

Fig. 5. λij−V i is described by

λij − V i ¼ Z
Pviri

Pviri þ Pvirj

� �����
����: ð6Þ

On the line,

1 1
−1 1

� �
R
�
i − V

�
i

R
�
j − V

�
i

" #
¼ 2 λ

�
ij − V

�
i

� 	
Drirj

" #
ð7Þ

holds, given that λij is placed at the center of Ri and Rj ,
which implies unbiased assessors. It is also assumed thatVi is
closer toR i than toR j, for which a strong violation should be
avoided, as described later in the Example of Poorly Identified
Stimulus Set section. The distances between virtual and real
stimuli are given by

Dviri

Dvirj

� �
¼

R
�
i − V

�
i

��� ���
R
�
j − V

�
i

��� ���
2
4

3
5: ð8Þ

These distances are obtained by solving Equation 7.
Drirj is determined as described above using the results
of the real-to-real classification task. Thus, Dviri and
Dvirj are computed using the results of both classifica-
tion tasks, which combines the two classification tasks
and maintains their consistency.

Distance between virtual stimuli

Finally, we compute the distances between virtual stimuli. The
assessors do not compare virtual stimuli directly in classifica-
tion tasks. However, the distances between virtual stimuli can
be computed using the judgment criterion for distinguishing
two real stimuli. Figure 6 shows the internal responses toward
v i and v j, R i and R j, and their judgment criterion. We con-
sider the space on a line that passes through Vi and V j.
Figure 7 shows the responses toward v i and v j and the
projections of R i and R j on this line. Here,

λij − V i ¼ Z
Pviri

Pviri þ Pvirj

� �
ð9Þ

holds. Similarly,

V j − λij ¼ Z
Pvjrj

Pvjrj þ Pvjri

� �
ð10Þ

holds. The distances between two virtual stimuli are computed
using these equations as follows:

Dvivj ¼ V
�
j − V

�
i

��� ���
¼ Z

Pviri

Pviri þ Pvirj

� �
þ Z

Pvjrj

Pvjrj þ Pvjri

� �����
����: ð11Þ

Fig. 4 Internal response to vi, ri, and rj. The probability densities are not
shown to improve the visual clarity

Fig. 5 Internal response to vi on the line Vi−R i−R j

Fig. 6 Internal responses to vi and vj
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Multidimensional scaling method (MDS)

We use a MDS method to compute the distributions of stimuli
in perceptual space using their perceptual distances. This meth-
od determines the coordinates of events (stimuli) in a space
while maintaining the given distances between them. The num-
ber of dimensions can be set arbitrarily, although larger dimen-
sions generally represent the distances better. Given that visual
interpretation is the point of MDS methods, two or three
dimensions are preferable. In the present study, we use the
metric MDS method developed by Torgerson (1952). In gen-
eral, metric MDSs with complete data provide precise results.

Examples

Several examples of the confusion matrix and the computed
spatial distributions of stimuli are introduced. First, examples
of a case involving three stimuli are presented. Table 1 shows
the confusion matrix for the real-to-real classification task.
This table was used to compute the stimulus distributions for
various matrices during the virtual-to-real classification task.
In the following examples, the stimuli are correctly classified
in 84% of cases (2⋅Z (0.84) = 2.0) when the distance between
the two stimuli is 2.

Example 1 (shrunk space)

We computed the stimuli distribution where the confusion
matrix of the virtual-to-real task is that shown in Table 2 and
the correct response ratios are lower than those for the real-to-real

task. The incorrect answer ratios are balanced. Figure 8 shows
the distributions of stimuli computed from Tables 1 and 2. The
distributions of virtual and real stimuli are geometrically similar
because of the balanced incorrect answer ratios. However, the
distribution of virtual stimuli is smaller than that of real stimuli
because of the lower correct answer ratios in the virtual-to-real
classification task.

Example 2 (distorted space)

As is shown in Table 3, we decreased Pv2r2 and Pv3r3, while
keeping Pv1r1 at the same level as Pr1r1. Thus, we increased
Pv2r3 and Pv3r2. In this case,V1 should be located at the same
coordinates as R1 because Pr1ri = Pv1ri(i = 2, 3), which
means that v1 is the same as r1 in terms of their relationships
with other real stimuli. Furthermore, V2 and V3 should ap-
proach R3 and R2, respectively, because v2 and v3 are more
likely to be confused than r2 and r3. Figure 9 was computed
from Tables 1 and 3 and shows the distributions of these stimuli.

Example 3 (expanded space)

As is shown in Table 4, we increased the correct response
ratios of the virtual-to-real classification task, while the incor-
rect answer ratios were balanced. Figure 10 shows the

Fig. 7 Internal responses to vi and vj on the line Vi−V j

Table 1 Real-to-real classification task: Confusionmatrix (Examples 1–5)

Answered

r1 r2 r3

Present r1 0.8 0.1 0.1

r2 0.1 0.8 0.1

r3 0.1 0.1 0.8

Table 2 Example 1 (shrunk): Confusion matrix for virtual-to-real
classification

Answered

r1 r2 r3

Present v1 0.7 0.15 0.15

v2 0.15 0.7 0.15

v3 0.15 0.15 0.7

Fig. 8 Example 1 (shrunk): Stimuli distributions
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distributions of the stimuli computed from Tables 1 and 4. In
this case, the distributions of virtual stimuli appear to be
expanded, as compared with the real stimuli, whereas the
polygons of the virtual and real stimuli are similar. This may
occur when the features of the real stimuli are well represented
or even emphasized by the virtual simulators.

Example 4 (same matrix)

When the confusion matrices of both classification tasks are
identical, the locations of virtual and real stimuli should also
be the same in a perceptual space. Figure 11 shows the
perceptual space computed in this condition using Tables 1
and 5. The coordinates of Vi and R i match.

Example 5 (confused case)

In the examples above, the diagonal elements of the confusion
matrix used for the virtual-to-real classification task are larger
than the others. In other words, v i is classified most frequently
as r i. However, such an ideal case does not always occur in
actual experiments. For example, as is shown in Table 6, v2
and v3 can be classified wrongly as r3 and r2, respectively. In
this case, V2 should be closer to R3 rather than to R2. In
addition, V3 should be located near R2. Stimuli 2 and 3 are

totally confused, as shown in Fig. 12, when they are computed
from Tables 1 and 6.

Example 6 (shrunk, four stimuli)

The four-stimuli case is addressed here. We use the matrix
shown in Table 7 as the confusion matrix of the real-to-real
classification task. As with Example 1, we decreased the
correct response ratios while balancing the incorrect answer
ratios, as shown in Table 8. Figure 13 shows the perceptual
space computed from Tables 7 and 8. In this case, a three-
dimensional space describes the perceptual distances among
stimuli better than does a two-dimensional space. The virtual
stimuli are distributed inside the real stimuli, with profiles
similar to those of the real stimuli.

Example 7 (distorted, four stimuli)

Finally, we computed the case where the confusion matrix of
the virtual-to-real classification task (Table 9) was very differ-
ent from that of the real-to-real classification task (Table 7).
Figure 14 shows the perceptual space computed from Tables 7
and 9. Because Pv1r2 and Pv2r1 are high in Table 9,V1 andV2

tend to be confused, and they should be placed nearby. For the
same reason, the locations ofV3 andV4 should be close when

Table 3 Example 2 (distorted): Confusion matrix for virtual-to-real
classification

Answered

r1 r2 r3

Present v1 0.8 0.1 0.1

v2 0.1 0.7 0.2

v3 0.1 0.2 0.7

Fig. 9 Example 2 (distorted): Stimuli distributions

Table 4 Example 3 (expanded): Confusion matrix for virtual-to-real
classification

Answered

r1 r2 r3

Present v1 0.9 0.05 0.05

v2 0.05 0.9 0.05

v3 0.05 0.05 0.9

Fig. 10 Example 3 (expanded): Stimuli distributions
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compared with the distance between R3 and R4. However,
Pv1r3 and Pv1r4 in Table 9 have a value of 0.05, which is less
than Pr1r3 and Pr1r4 in Table 7 (value of 0.07). This means
that v1 is less confused with r3 and r4. Thus, V1 should be
located slightly farther from R3 and R4. For the same reason,
V2 should be distant fromR3 and R4. V3 and V4 should also
be distant from R1 and R2.

These examples show that our method facilitates the visual
interpretation of the perceptual relationships between real and
virtual stimuli. For greater clarity, we used cases involving a
small number of stimuli, but the geometrical description is
more beneficial as the number of stimuli increases, and the
confusion matrices are more complex. Identifying the percep-
tual relationships among such stimulus sets solely on the basis
of the large matrices is not a simple task.

Example: Application on a footstep simulator

An example of virtual reality system analysis is presented
here, using data originally published in Okamoto et al.
(2013). The system is a footstep display through which users
experience the sense of crushing fragile structures with their
footsteps. As is shown in Fig. 15, the users stepped on an
acrylic plate that was vibrated by voice coil actuators and that

delivered acceleration stimuli to their soles. The accelerations
were synthesized on the basis of those observed when fragile
structures were crushed. The structures were cylinders
consisting of copy paper, aluminum foil, polypropylene
(PP), or typing paper.

In a classification task, visually and aurally blocked asses-
sors experienced the real or simulated crushing of cylinders.
Fifteen assessors performed both real-to-real and virtual-to-
real classification tasks. Tables 10 and 11 show the average
answer ratios of the tasks. If we look at only the correct answer
ratios—that is, the diagonal elements of Table 11—we could
conclude that the crushing of copy paper and PP were well
simulated because their ratios were high, whereas aluminum
and typing paper were poorly simulated owing to their low
ratios.

Figure 16 shows the perceptual space obtained by applying
the developed method to the two confusion matrices—that is,
Tables 10 and 11. Circles and diamonds express real and
virtual materials, respectively. The configured space indicates
that the virtual PP closely presented real PP because they were
closely located in the perceptual space. On the other hand, the
virtual copy paper should be improved because it was distant
from real copy paper. Nonetheless, virtual copy paper was
easily classified because it was located far from the other
materials.

Fig. 11 Example 4 (same): Stimuli distributions

Table 5 Example 4 (same): Confusion matrix for virtual-to-real
classification

Answered

r1 r2 r3

Present v1 0.8 0.1 0.1

v2 0.1 0.8 0.1

v3 0.1 0.1 0.8

Table 6 Example 5 (confused): Confusion matrix for virtual-to-real
classification

Answered

r1 r2 r3

Present v1 0.8 0.1 0.1

v2 0.1 0.4 0.5

v3 0.1 0.5 0.4

Fig. 12 Example 5 (confused): Stimuli distributions
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Real and virtual aluminum and typing paper were posi-
tioned nearby. Hence, the two materials were frequently con-
fused, as is shown in Tables 10 and 11. In particular, virtual
typing paper tended to be classified as aluminum rather than
typing paper. In the perceptual space, the assessors’ answers
were graphically expressed as virtual typing paper being clos-
er to real aluminum than to real typing paper.

As was described above, the perceptual space graphically
aids our understanding of confusion matrices. Moreover, an
interpretation of the perceptual dimensions fosters this analy-
sis. For example, from the subjective reports of the assessors,
it was speculated that the horizontal dimension corresponded
to the perceived strength of acceleration or crush stimuli. The
rightward stimuli presented stronger accelerations. This sug-
gested that the magnitude of virtual copy paper stimuli should
be increased such that the position of the virtual copy paper is
moved to the right, becoming more perceptually similar to its
real crushing action. On the other hand, from the assessors’
reports, the vertical dimension likely expresses the quality of
the perceived crushing action. The stimuli positioned upward
in the space were perceived as the crushing of wet materials,
whereas the downward stimuli represented crushing drier
material. The profiles of frequency spectra for acceleration
stimuli are linked with such wet and dry sensations (Giordano
et al., 2012). These analyses that use multidimensional per-
ceptual space illustrate how the virtual crushing actions should
be tuned to develop a better understanding of the system and,
hence, a better simulator. The combination of the developed
MDS method with systematic approaches for interpreting
perceptual dimensions (e.g., as described in Hollins,

Bensmaïa, Karlof, & Young, 2000; Picard, Dacremont,
Valentin, & Giboreau, 2003; Yoshioka & Zhou, 2009) leads
to more consolidated analyses.

Validation of the method

The computational methods and the internal response models
contain various assumptions. These assumptions include
equal variances of distributions, unbiased assessors, and the
independence of the variables that form the perceptual space.
These are naturally dependent on specific virtual reality inter-
faces and stimulus sets and should be considered carefully for
each experimental task on a case-by-case basis.

Thus, we focus on the validation of the computational
schemes related specifically to our method—that is, the appli-
cation of the constant ratio rule to the computation ofDrivj and
Dvivj. In this section, we test these computations collectively
using a number of randomly generated samples. General
validations of the constant ratio rule for the computation of
Drirj have been described previously (Clarke, 1957; Clarke &

Table 7 Real-to-real classification task: Confusionmatrix (Examples 6–7)

Answered

r1 r2 r3 r4

Present r1 0.8 0.07 0.07 0.07

r2 0.07 0.8 0.07 0.07

r3 0.07 0.07 0.8 0.07

r4 0.07 0.07 0.07 0.8

Table 8 Example 6 (4 stimuli, shrank): Confusion matrix for virtual-to-
real classification

Answered

r1 r2 r3 r4

Present v1 0.7 0.1 0.1 0.1

v2 0.1 0.7 0.1 0.1

v3 0.1 0.1 0.7 0.1

v4 0.1 0.1 0.1 0.7

Fig. 13 Example 6 (4 stimuli, shrunk): Stimuli distributions

Table 9 Example 7 (4 stimuli, distorted): Confusion matrix for virtual-
to-real classification

Answered

r1 r2 r3 r4

Present v1 0.5 0.4 0.05 0.05

v2 0.4 0.5 0.05 0.05

v3 0.05 0.05 0.6 0.3

v4 0.05 0.05 0.3 0.6
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Anderson, 1957; Hodge, 1967; Hodge & Pollack, 1962;
Townsend & Landon, 1982).

Validation methods

Overview of evaluation procedures

Three, four, and five stimuli cases are validated. Here, the
procedures are described using the three-stimuli cases, but the
same discussion is applicable to the four- and five-stimuli
cases. First, as references, stimuli spaces are randomly gener-
ated, before computing their confusion matrices. The devel-
oped computational methods then regenerated the stimuli
spaces from these matrices. Finally, the reference and

regenerated stimuli spaces were compared using a distance-
based index.

Generation of the random reference stimuli space

In a two-dimensional space, threeR i (i =1, 2, 3) are randomly
located that are the centers of the internal responses to r i. The
coordinates of each stimulus were constrained so the
interstimuli distances did not exceed 2.5. Thus, the distribu-
tions of the stimuli did not expand infinitely. If two stimuli are
2.5 apart, they can be correctly identified at approximately
90% (2⋅Z (0.9) = 2.5). A uniform probability density function
was used to produce the random coordinates.Vi was random-
ly placed near R i within a distance of 0.5.

Production of the confusion matrices

The two types of confusion matrices were computed from the
reference stimuli distributions.

The probability Psisj of s i being classified as s j is deter-
mined by

Psisj ¼ P s j
��si
 � ¼Z

A j

f Sið ÞdS ð12Þ

f Sið Þ ¼ 1

2π
exp

− x1 − Six1ð Þ
2

2

þ − x2 − Six2ð Þ
2

2
 !

; ð13Þ

where Aj, S i, Six1, and Six2 are areas separated by the perpen-
dicular bisectors of R , the center of the internal responses to

Fig. 14 Example 7 (4 stimuli, distorted): Stimuli distributions

Fig. 15 Virtual footstep display
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s i, and the coordinates of S i in the perceptual space, as shown in
Fig. 17. The criterion located at the center of the two stimuli is
their perpendicular bisector, which means that the internal re-
sponse of a stimulus is classified as the nearest R i. The proba-
bility is given by the surface integral of the probability density
function, which is the joint of two normal distribution functions.

Comparison using an evaluation tester

An evaluation tester based on the interstimuli distanceswas used,
which allowed us to compare the reference stimuli space and the
one constructed using the method developed in this article. The
tester is the norm of the vector of distances as follows:

I ¼ Dsisj

��si; s j∈ r1;…; rn; v1;…vnf g� �� ��: ð14Þ

Let I r and I c be the norms of the distance vectors for the
reference and constructed stimuli spaces, respectively. These
normswere used as testers of the similarity between both spaces.

Results: High linearity between the reference and constructed
stimuli distributions

Figure 18 shows the plots of I r versus Ic for 200 random
samples. Both indices clearly indicate high linearity, where
Pearson’s r = .957. The interstimuli distances of randomly
generated spaces were preserved well in the constructed spaces.

Figures 19, 20, and 21 show several examples of random
reference and reconstructed spaces. Cases A–C cover relative-
ly small to large stimuli distributions, which correspond to A–
C in Fig. 18. R i and Vi are the locations of the references,
whereas R ′i and V ′i are those of the estimates. All of the
figures demonstrate that the distributions of both symbols are
well matched, while the perceptual spaces are sufficiently well
reconstructed to facilitate visual interpretation.

In contrast to the above well-reconstructed perceptual
spaces, I r and I c tended to lose their linearity when I r was
relatively small. Moreover, in most cases, I c was greater than
I r. These two points were based on the use of the constant
ratio rule, which is discussed in the following sections.

The constant ratio rule expands the perceptual space

The interstimuli distances of the reconstructed spaces were
greater than those of the reference spaces because I c tended to
be larger than I r.

It is known that the constant ratio rule works correctly
in multidimensional cases better than in unidimensional
cases (Hodge, 1967; Hodge & Pollack, 1962). If more
than three stimuli are placed on or approximately along a
line, these stimuli are regarded as unidimensional, so the
distances between these stimuli are exaggerated (see the
Appendix). Even if they are unidimensional, the estima-
tion of the distances is not problematic, provided that they
are placed far apart. Thus, their interstimuli distances tend
to be overestimated when more than three stimuli are
grouped within a small area.

Worst case

The three worst cases are shown, which correspond to D–F in
Fig. 18. Real and virtual stimuli are grouped closely in such
cases, so I r is naturally low around 1–3.

Figure 22 shows the reference and reconstructed stimuli
spaces for the worst case D. Both spaces appear to be signif-
icantly different. This is mainly because the application of the
constant ratio rule overestimates the inter-stimuli distances.
Tables 12 and 13 show the distance matrices for a reference
space and that computed using our method, respectively.
Estimated distances that are significantly larger than the orig-
inal distances are in bold. First, Dr ′1r ′3 and Dr ′2r ′3 are higher
than Dr1r3 and Dr2r3. This is because R1, R2, and R3 are
located close together on a line in Fig. 22. The interstimuli
distances are overestimated in such conditions.Dr ′1r ′3 andDr ′

2r ′3 were used to computeDv ′1r ′3,Dv ′2r ′3, andDv ′3r ′3, so these
three distances are overestimated. Furthermore, Dv ′1v ′3 and
Dv ′2v ′3 are also exaggerated because V1, V2, and V3 are
approximately on a line. Thus, the developed method estimat-
ed the distributions of stimuli as being significantly greater
than the original distributions.

Table 10 Footstep classification: Answer ratios of real-to-real classifica-
tion task

Assessors’ Answer

Copy Aluminum PP Typing

Copy paper 0.97 0.01 0.01 0.01

Real Aluminum 0.02 0.51 0.22 0.25

material PP 0 0.15 0.63 0.22

Typing paper 0.01 0.36 0.15 0.48

Note . PP, polypropylene

Table 11 Footstep classification: Answer ratios of virtual-to-real classi-
fication task

Assessors’ Answer

Copy Aluminum PP Typing

Copy paper 0.79 0.047 0.053 0.11

Virtual Aluminum 0.033 0.39 0.21 0.36

material PP 0.013 0.19 0.65 0.12

Typing paper 0.007 0.48 0.23 0.29

Note . PP, polypropylene

Estimated distances that are significantly larger than the original distances
are in bold
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The worst cases E and F are shown in Figs. 23 and 24. As
with case D, the distributions of the reference stimuli were not
preserved well.

Introduction of variance as a guide

As was described above, this computational method works
effectively for a large proportion of the randomly generated
cases, but the method is not suitable when Ir is small. Thus,
we propose checking the variances of all the answer ratios
included in both types of confusion matrices as a quick guide
to assessing the suitability of this method’s usage. Figure 25
shows the relationships between the variance and Ir. The vari-
ance increases with Ir.When Ir is large, real stimuli are placed at
a distance from each other in perceptual space. Thus, the correct
answer ratios are high, whereas the incorrect answer ratios are
low. The variance of answer ratios is high because the ratios are
imbalanced. By contrast, some of the real stimuli are perceptu-
ally close when Ir is small. Thus, the incorrect answer ratios are
relatively high and close to the correct answer ratios. This
produces a small variance. Figure 18 shows that the method
functions well when Ir ≥ 3. Avariance corresponding to Ir = 3

covers 0.02–0.04, according to Fig. 25. This method is suitable
when the variance is ≥ 0.04 for three-stimuli cases. In practice,
we rarely observed such low variances. For example, all of the
examples shown in the Examples section have a variance ≥ 0.08.

Four- and five-stimuli cases

We also validated the computational methods for four- and
five-stimuli cases in two- and three-dimensional spaces. For
four-stimuli cases, the resulting I r and I c had high linearity
(2D, r = .97; 3D, r = .94), which was partially lost with a
small I r as in the three-stimuli case.

On the basis of an analysis similar to the three-stimuli case, the
upper limits of the variances of the answer ratios in the confusion
matrices of these Ir values were 0.03 and 0.025 for the two- and
three-dimensional cases, respectively. Thus, the application of the
developed method to four real and virtual stimuli is suitable if the
variance is greater than 0.03 (2D) or 0.025 (3D).

We also determined a guide for five-stimuli cases after
confirming the high linearity between I r and I c (2D, r = .93;
3D, r = .95). In the five-stimuli cases, the computational
method is suitable when the variance is greater than 0.03
(2D) or 0.02 (3D).

Fig. 16 Perceptual space of real and virtual crinkles

Fig. 17 Stimuli distributions and bisectors for the computation of con-
fusion matrices

Fig. 18 Indices of interstimuli distances for the reference and recon-
structed stimuli spaces (three-stimuli case)
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Example of a poorly identified stimulus set

The method we developed should not be applied to a poorly
designed stimulus set where the majority of stimuli are
misclassified completely. This is because the calculation of
Pvirj and Pviri is based on the assumption that Vi is closer to

R i than toR j. As is shown in Example 5, a slight violation of
this assumption is not problematic, but the application to a
stimulus set with a strong violation should be avoided. For
example, as is shown in Fig. 26, we considered a three-stimuli
case where all of the virtual stimuli are classified wrongly. V1

is located nearer R3 than R1. V2 and V3 are close to R1 and

Fig. 19 Case A: Example of random spaces (relatively small distribu-
tion). The filled and unfilled symbols are references and estimates,
respectively

Fig. 20 Case B: Example of random spaces (middle-sized distribution).
The filled and unfilled symbols are references and estimates, respectively

Fig. 21 Case C: Example of random spaces (relatively large distribu-
tion). The filled and unfilled symbols are references and estimates,
respectively

Fig. 22 Worst case D: Reference and reconstructed stimuli spaces. The
filled and unfilled symbols are references and estimates, respectively
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R2, respectively. Thus, as is shown in Tables 14 and 15, which
are the confusion matrices of R1–R3 and V1–V3, the virtual
stimuli are associated with the wrong real stimuli. Figure 26
also shows the space reconstructed by applying this method to
these tables. The estimates of the virtual stimuli (V ′i) shifted
greatly from those in the original locations (Vi). In general, it
is unlikely that it will be necessary to conduct any in-depth
analyses of the catastrophic confusion matrices like those in

Table 15, but we should not use the method for poorly clas-
sified stimulus sets.

Summary of the validation

This section validated the method used to compute the dis-
tances between stimuli. As references, random stimuli spaces
were prepared to generate confusion matrices for real-to-real
and virtual-to-real classification tasks. The developed method
was then applied to these matrices to reconstruct the stimuli
space. The reference and reconstructed spaces were compared
using a tester based on the inter-stimuli distances. The test
indices for both spaces had high linearity. The reconstructed
stimuli spaces preserved the references well. However, the
estimated space potentially included significant errors when
the index was small owing to the constant ratio rule. In
practice, the variances of all the answer ratios in the confusion

Table 12 Worst case: Distance matrix for the reference space

R1 R2 R3 V1 V2

R2 0.60 –

R3 0.23 0.38 –

V1 0.23 0.50 0.23 –

V2 0.27 0.44 0.21 0.07 –

V3 0.62 0.35 0.47 0.41 0.35

Table 13 Worst case: Distance matrix for the reconstructed space

R ′1 R ′2 R ′3 V ′1 V ′2

R ′2 0.68 –

R ′3 1.59 1.63 –

V ′1 0.07 0.47 1.66 –

V ′2 0.28 0.04 1.59 0.20 –

V ′3 0.04 0.19 1.82 1.62 1.78

Fig. 23 Worst case E: Reference and reconstructed stimuli spaces. The
filled and unfilled symbols are references and estimates, respectively

Fig. 24 Worst case F: Reference and reconstructed stimuli spaces. The
filled and unfilled symbols are references and estimates, respectively

Fig. 25 Ir versus the variance of the answer ratios (three-stimuli case)
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matrices are available as a substitutional index. The developed
method is not recommended if the variance is small.

Conclusions

Classification tasks are widely used for assessing virtual real-
ity interfaces; however, it is difficult to comprehensively

interpret the confusion matrices resulting from these tasks,
especially when the number of stimuli involved is large. To
avoid this problem, MDS solutions graphically facilitate the
understanding of how well the simulated stimuli are repre-
sented in terms of perceptual similarities between simulated
and real stimuli. However, because of the uniqueness of tasks
when real and virtual stimuli are compared in different tasks,
the earlier MDS solutions are not suitable for the assessment
of virtual reality interfaces.

In this study, we developed computational methods for
analyzing the perceptual distances between real and virtual
stimuli to produce MDS solutions. The solutions to two tech-
nical issues were presented. The first challenge was to deter-
mine the distances between virtual stimuli, which assessors do
not typically record during classification tasks. Another chal-
lenge was to retain the consistency of the two classification
tasks that involved different stimuli. Finally, we validated our
method by applying it to random confusion matrix examples.
This confirmed the effectiveness of the method for the major-
ity of the examples.

Author Note This study was in part supported by MEXT KAKENHI
#23135514.

Appendix

The constant ratio rule tends to overestimate the interstimuli
distances when the distributions of stimuli are approximately
unidimensional and closely allocated in a perceptual space.
This overestimation is explained as follows. Suppose the
centers of the internal responses to three stimuli ra, rb, and
rc are on a line in perceptual space, where the internal re-
sponse of ra is as shown in Fig. 27. Given that the criterion of
judgment is located at the center of the two stimuli, Dab is
calculated by

Dab ¼ 2 λab − Ra

� 	
¼ 2 ⋅ Z Paað Þ:

ð15Þ

We apply the rule to r a and r b in Fig. 27, then estimate
Da ′b ′. Using this rule, Da'b' is

Fig. 26 Example of a poorly designed virtual reality system or stimulus
set. R i and Vi indicate the estimates of R i

′ and Vi
′, respectively

Table 14 Real-to-real classification task: Confusion matrix of a poorly
designed stimulus set

Answered

r1 r2 r3

Present r1 0.62 0.18 0.20

r2 0.16 0.66 0.18

r3 0.17 0.18 0.65

Table 15 Virtual-to-real classification task: Confusion matrix of a poorly
designed stimulus set

Answered

r1 r2 r3

Present v1 0.21 0.26 0.53

v2 0.66 0.15 0.19

v3 0.15 0.64 0.21

Fig. 27 Internal response of ra when Ra, Rb, and Rc are on a line in
perceptual space
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Da0b0 ¼ 2 ⋅ Z
Paa

Paa þ Pab

� �

¼ 2 ⋅ Z
Paa

1−Pac

� �
:

ð16Þ

Thus, because

Paa <
Paa

1 − Pac
; ð17Þ

Dab<Da ′b ′. When Pac is sufficiently small—that is, R c is
distant from Ra and Rb — Dab is almost identical to Da ′b ′.
For the same reason, Db ′c ′ is larger than Dbc . By
contrast, Da ′c ′ can be greater or less than Dac , depend-
ing on the specific case. Overall, the application of the
constant ratio rule tends to overestimate the distances
between stimuli.
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